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Motivation

e final coalgebras have several “representations” - how can we
understand & use this phenomenon

e definition schemes for stream & stream functions
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Hidden specification
A hidden specificatiors a tuple(X, E), where

1. ¥ is a many-sorted signature containinigdenandyvisible sorts
2. Eis a set of equations.

(¥, E)-algebra
A (X, E)-algebrais an algebra for the signatukethat “behaviourally
satisfies” the equations .
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Hidden Stream Algebra (1)

Hidden sort: Stream

Visible sort: N
head : Stream — N
tail . Stream — Stream
cons : N x Stream — Stream operationgX )
odd : Stream — Stream

even : Stream — Stream
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Hidden Stream Algebra (1)

head (cons (N,S)) = N
tail (cons (N,S)) = S
head (even (9)) head (S)

equationgEg)

tail (even (9)) odd (tail (9))

head (odd (9))
tail (odd(9))

head (tail (9))
even (tail (tail (S))

Models: (s, Es)-algebras
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Hidden Congruences for Streams

Definition:
ArelationR C Asyream X Astream 1S @hidden congruenci
(o,7),(c’,7") € Rimplies
(i) head (o) = head (1),
(i) (tail (o¢),tail (7)) € R and
(i) forallne N, (cons (n,o) =cons (n,7)) € R
(iv) (even(o),even (7)) € R,
(v) (odd(c),0dd(7)) € R,

In other words
If Ris behaves as a congruence w.r.t. the operatiohs.in
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Experiments

Definition
An experiments a term

tle : Stream ]

of (“visible”) sort N containing one occurrence of a “place-holder” of
type Stream .

Examples
head (e), head (tail "(e)),head (cons (n,e))...

Non-example
tail (o) (“outcome not observable”)
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Behavioural equivalence

Given a(Xs, Es)-algebraA.

Definition
We define a relatiose on A by putting

o=71 & tlo]=t[r] forall experimentd[e].
If o = 7 we sayo andr arebehaviourally equivalent

Theorem (Rosu)
Behavioural equivalence is the largest hidden congruence.
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Coinduction Method

Suppose we want to shawy = o». Then

Step 1. Pick an “appropriate” binary relatioR on terms of type
Stream .

Step 2. Prove thaRis a hidden congruence.
Step 3. Show that{o1, 02) € R
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Issues

Redundancy
In order to prove thaR is a hidden congruence for the stream

specification, one has to show that it is a congruence wair.t.
operations.

Alternative representations
We can describe a stream not only us{ieead , tail } but, e.g. ,
also using{head , even ,odd }.
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Some Notation

Notation
For termg,t’ € Tsiream We Write

(X, Es) mt=1t

if for all (s, Es)-algebras and all valuatios: Var — A:

a(t) = 4(t).
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Cobases (simplified)

Cobasis
A set of operation®\ C ¥ is calledcobasisf for all t,t" € Tsiream

(Xs, Es) = 4(t) = o(t) for all “suitable”§ € A
(257 Es) }: t — t,.

Intuition
The operations i\ are sufficient tabserveall the relevant

information about a given stream.
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Examples
Cobases
LI
e {head, tail }

e {head,even, odd}

Non-examples

e {head,even }
o {tail ,odd}
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Hidden algebras as coalgebras

(simplified: for a moment we forget aboewven andodd)

A given stream algebra can be written as follows:

h,t,AxAn.c(n,x
A < ) N x A x AY
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Hidden algebras as coalgebras

(simplified: for a moment we forget aboewven andodd)

A given stream algebra can be written as follows:

h,t,AxAn.c(n,x
A < ) N x A x AY

The final stream algebra:

(head ,tail ,AxAn.cons (n,x))

Nw N x N x (N9)N

In which sense final?
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The final stream (co-)algebra

Let (Q, (H, T, C)) be the finalN x _ x (_)N-coalgebra. Furthermore
put

P:={teQ|forallne N.H(C(n,t)) =n & T(C(n,t)) = t}.
Let OP denote the largest subcoalgebrg @f (H, T, C)) that is
contained irP.

Proposition
(N“, (head,tail ,cons))=OP.

Corollary
The coalgebrdN“, (head ,tail ,cons )) is final among all
N x _ x (_)N-coalgebras that satisfy the equatidis
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From signature to functors

We do only an example:
ConsiderA = {head,tail ,cons }
head : Stream — N

tail . Stream — Stream
cons : Stream — (Stream )N
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From signature to functors

We do only an example:

ConsiderA = {head,tail ,cons }

head : Stream — N
tail . Stream — Stream
cons : Stream — (Stream )"

FunctorGu

GaX:=Nx X x (X)
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A categorical property of cobases

Observation
A C Yis acobasis fofXs, Es) iff N together with the operations in

A is (isomorphic to) a subcoalgebra of the fifg -coalgebra.

Examples
e The set{head,tail }isa cobasis:
(N“, (head,tail ))isafinalN x _-coalgebra.

e The set{head,even,odd} is a cobasis:
(N“, (head, even ,odd)) is isomorphic to a subcoalgebra of
the finalN x _ x _-coalgebra.
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Complete set of operations

Definition
Let X be a set. A collection of operatiog$, } ,cs for someS-sorted
signatureX_ is calledcomplete for Xf the final mapy : X — Qg; is

injective:
XL————E!f———>QGZ
<frr:0'€z> Wy
GeX& - - - — - > Gy (g,
g
Equivalently

...if (X, {f, : 0 € X)) is isomorphic to a subcoalgbra of the final
coalgebra.
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More abstractly: Complete coalgebra

Definition
Let X be a set and lg6 : Set — Set be a functor. The : X — GX

is calledcompletefor X if the final G-coalgebra map : X — Qg
satisfies kefp) C Ax.

XC--Z2-- - Qg

o Wy

GX& - —=—- ~ GQg
Gy

Equivalently
... if (X, «) is isomorphic to a subcoalgbra of the final coalgebra.
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Complete sets of operations

For streams
e the examples from the beginning

e the set{head, even’,odd’} where

even’(apayaagdy...) = ad...
even’(apayaazay...) = &az...

o the set{head,tail N} where

tail

N(agagap...) = (1xa;,2*ap,3xag,...).

Other examples

e bi-infinite streams{head , Itail  ,rtail }
e binary trees{head,left ,right }
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Proofs & Definitions

ldea
Given a complete set of operations for a Bate obtain a proof

principle and a definition principle fox.

For now
We focus on streams & stream functions and the complete set of

operationsA = {head, even ,odd }.
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Proof principle

We can use complete sedsof operations, in order to prove things:

e usingA-coinduction:
head (¢) = head (7),even (o) = even (1) and
odd (o) = odd (7) impliese = 7 (e.g. show
zip (even (¢),0dd (o)) = o).

¢ usingA-bisimulations:
Ris aA-bisimulation if for all (o, 7) € Rwe have
head (¢) = head (7), (even (¢),even (7)) € Rand
(odd(o),0dd(7)) € R.
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Definition priniciple for{head , even ,odd }

Definition
LetN?" := {t | t: 2* — N} be the set of infinite binari{-labelled
trees.
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A universal property

P:={teN? | h(t) = h(I(t))} € N¥

Proposition
We have(N“, (head, even ,odd)) = OP.

Corollary
For any coalgebréX, (H, E, O)) with

H(x) = H(E(x)) forallxe X

there is a unique coalgebra morphismX — N¢ from (X, (H, E, O))
to (N“, (head , even ,odd)).
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Definition scheme (preparations)

We inductively define the se¥7 of flat equation terms and the set
ET of equation terms:

FT >s == X |E(x)]|O(x)
ET >t = SeFT|r,7 €A [f(t,... L)
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Definition scheme

A well-formedsytem of behavioural differential equatiofigor a set
of function symbold™ contains for every € I three equations

Hf (X, %) = S (H(X),- .., H(Xr)))

for some functiorc : N'®) — N
E(F(X, - %)) = e(Xa . X))
Of (X1, - - %)) = to(Xas-- -+ X(r))

wheretfE andtg are equation terms with free variables contained in
{X1, .-, %} Furthermore we require that for dllc I

EU{H(E(X)) =H(x) [xeX}F

H(E(f(Xl, A vxr(f)))) = H(f(Xl, .. 7Xr(f)))'
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Examples

Thue-Morse sequence (iR
TM, is the binary digit sum of modulo 2

H(inv (x)) = H(x) H(TM) = 0

E(inv (x)) = inv ( (x)) E(TM = ™

O(inv (x)) := inv (O(x)) Oo(TM := inv (TM
An example inz“

H(@t (x) = H(x H(MX)) = —H(x)

E@t (x)) =  E() E(Mx) = mMEX))

Ofalt (x)) = moO(x)) O(mx)) = mO(x))

Hencealt (ap,ai,ap,as,...) :=ag, —a1, &, —as,....
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Conclusions

Positive
e coalgebraic understanding of (simple) cobases

e proof principle & definition scheme that works also for
structures that cannot be modelled as (final) coalgebras

Many questions...

e Find better & more examples.
e Formulate the definition scheme as general as possible.
o Exisiting work on Hidden Algebra/CoCasL
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