


Moessner and the theorem that
started it all

Alexandra Silva
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History

1951 — Moessner conjectures it

Aus den Sitzungsberichten der Bayerischen Akademie der Wissenschaften
Mathematisch-naturwissenschaftliche Klasse 1951 Nr.3

Eine Bemerkung iiber die Potenzen der natiirlichen

Zahlen

Von Alfred Moessner in Gunzenhausen

Vorgelegt von Herrn O, Perron am 2. Mirz 1951

1952 — Perron proves it

1952 — Paasche and Salie generalize it

1966 — Long presents alternative proof and generalization

2010 — Hinze, Rutten & Niqui present new proofs of just Moessner’s theorem
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1, 2, 6, 24, 120, . . . =11, 2V, 3!, 41, 51,



What if we increment the increment by one in
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What if we increment the increment by one in
each step?

2 3 4 5 6 7 8 9 16 11 12 13 14 15 16 17 18 19 26...
2 5 10 16 23 31 46 51 63 76 80 95 ...
2 12 28 51 82 133 196 272 352 ...
12 40 9% 224 420 692 ...
12 52 276 696 ...
12 288 984 ...
288 1272 . ..
288 ...
288 ...
288 ...
1,2,12,288,...7 =11, 2111, 3121711 41312171 .o =111 211, 311,411 ...

Superfactorials!
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Yet another Generalization (Long & Salie)

a+2d a+3d a+4d a+5d a+od =it a+8d a+9d a+10d at+ite
a+2d at+3ct a+4d a+5d at+od =t a+8d a+9d a+10d at+ite
Ha-3a da+7d 5a+l2d ea+38da Ta+26d 8a+35d 9a+45d
7Ta+8d +2a+20c 19a+46d 2Fat+8tc
8a+8d 27a+54d
(a+d) .8 (a+2d) .27

a-1""YV@a+d)- 2", (a+2d) - 31, ...
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Dexter’s View on Moessner’s Theorem

Change perspective: Do not think of the algorithm as working on streams, but as a triangle
transformation process!

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 2 3 4 S 6 8 9 10 11 12 13 14 15 16

1 3 6 11 17 24 33 43 54 67 81 96

1 4 15 32 65108 175 256

1 16 81 256

First triangle: Pascal triangle; all have Pascal property

To obtain Moessner’s result, starting point: Pascal triangle

Next step: consider the nth northeast-to-southwest row. Take prefix sums and
make that the first column, and let the first row be a sequence of 1’s.

Complete the triangle using the Pascal property.



Dexter’s View on Moessner’s Theorem

Change perspective: Do not think of the algorithm as working on streams, but as a

triangle transformation process!

e

= W N

1 1
S

11

15

16

1 1

6 7
17 24
32

1

1 1

9 10
33 43
65108
81

1
11
54

1 1 1 1 1 1 1
12 13 14 15 16
67 81 96
175 256
256

One can describe this process as operations on formal power series on two variables,
and this yields a proof of Moesser’s theorem and its generalizations all at once!
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refine by coauthor
Dexter Kozen (37)
Tobias Kappé (35)

The first of many papers!
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David Harel

Dexter would have read it and would probably have thought:
“Oh yea, that’s kind of interesting, and yes, | can see how
those proofs go; and, by the way, here is how to continue the
work and get far stronger results, and in a much nicer way".

()
A work session with Dexter was always a combination of
exhilaration and frustration.
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Dexter Kozen: A Winning Combination
of Brilliance, Depth, and Elegance

David Harel

He had the uncanny ability to bring in, out of the blue,
unexpected notions from seemingly unrelated branches of
mathematics — often from algebra or topology — which either
you'd have never heard of, or you'd have long-forgotten. And
these then turned out not only to be relevant but to make
everything you wanted to do fall into place, and in a concise,
exotically elegant and often stunning way.
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Thanks for
all the fun
times, and
hoping for
many more
to come!




