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property stating that for all s
1

, s
2

œ S such that ›(s
1

) = ›(s
2

) we must have L(s
1

) = L(s
2

).
The Lı algorithm ensures this by having Á œ E, using that L(s) = ›(s)(Á) for any s œ S.

4 A General Correctness Theorem

In this section we work towards a general correctness theorem. We then show how it applies
to the ID algorithm, to the algorithm by Arbib and Zeiger and to Lı.
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The key observation for the correctness theorem
is the following. Let w = (S ‡≠æ T, T

fi≠æ P ) be
a wrapper with minimization (S e≠æ H, H

m≠æ P ).
If ‡ œ E , then the factorization system gives us a
unique diagonal „ in the left square of (3), which by (the dual of) Proposition ?? satisfies
„ œ E . Similarly, if fi œ M, we have Â in the right square of (3), with Â œ M. Composing the
two diagrams and using again the diagonal property, one sees that „ and Â must be mutually
inverse. We can conclude that H and T are isomorphic. Now, if w is a wrapper produced
by a learning algorithm and T is the state space of the target minimal automaton, as in
Example 2, our reasoning hints at a correctness criterion: ‡ œ E and fi œ M upon termination
ensure that H is (isomorphic to) T . Of course, the criterion will have to guarantee that the
automata, not just the state spaces, are isomorphic.

We first show that the argument above lifts to F -algebras f : FT æ T , for an arbitrary
endofunctor F : C æ C preserving E .

I Lemma 11. For a wrapper w = (‡, fi) and an F -algebra f , if ‡ œ E, then w is f -closed; if
fi œ M, then w is f-consistent.

Proof. If ‡ œ E , then let „ be as in (3) and define closef = „ ¶ f ¶ F‡; if fi œ M, then let Â
be as in (3) and define consf = fi ¶ f ¶ FÂ. J

I Proposition 12. For a wrapper w = (‡, fi) and an F -algebra f , if ‡ œ E and w is f-
consistent, then „ as given in (3) is an F -algebra homomorphism (T, f) æ (H, ◊f ); if fi œ M
and w is f-closed, then Â as given in (3) is an F -algebra homomorphism (H, ◊f ) æ (T, f).
Proof. Assume that ‡ œ E and w is FT T H

FS P

FT FH H

f „

fi m
›f

F ‡ F e closef

F ‡ 1

2

F „

3

4
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◊f

m

1 definition of ›f

2 (3)
3 functoriality, (3)
4 definition of ◊f

5 closedness

f -consistent. The proof for the other
part is analogous. Using Lemma 11 we
see that ◊f indeed exists. Because F‡
is epic and m monic, it su�ces to show
m¶„¶f ¶F‡ = m¶◊f ¶F„¶F‡, which
is done on the right. (The definition of
◊f can be found in the proof of Proposition 9.) J

I Corollary 13. If ‡ œ E and fi œ M, then „ as given in (3) is an F -algebra isomorphism
(T, f) æ (H, ◊f ).

Now we enrich F -algebras with initial and final states, obtaining a notion of automaton in a
category. Then we give the full correctness theorem for automata. We fix objects I and Y in
C, which will serve as initial state selector and output of the automaton, respectively.
I Definition 14 (Automaton). An automaton in C is an object Q FQ

Q

I Y

”Q

outQinitQ

of C equipped with an initial state map initQ : I æ Q, an output
map outQ : Q æ Y , and dynamics ”Q : FQ æ Q. An input system
is an automaton without an output map; an output system is an
automaton without an initial state map.
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Category       = universe of state-spacesC
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ensure that H is (isomorphic to) T . Of course, the criterion will have to guarantee that the
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We first show that the argument above lifts to F -algebras f : FT æ T , for an arbitrary
endofunctor F : C æ C preserving E .

I Lemma 11. For a wrapper w = (‡, fi) and an F -algebra f , if ‡ œ E, then w is f -closed; if
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Proof. If ‡ œ E , then let „ be as in (3) and define closef = „ ¶ f ¶ F‡; if fi œ M, then let Â
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two diagrams and using again the diagonal property, one sees that „ and Â must be mutually
inverse. We can conclude that H and T are isomorphic. Now, if w is a wrapper produced
by a learning algorithm and T is the state space of the target minimal automaton, as in
Example 2, our reasoning hints at a correctness criterion: ‡ œ E and fi œ M upon termination
ensure that H is (isomorphic to) T . Of course, the criterion will have to guarantee that the
automata, not just the state spaces, are isomorphic.

We first show that the argument above lifts to F -algebras f : FT æ T , for an arbitrary
endofunctor F : C æ C preserving E .

I Lemma 11. For a wrapper w = (‡, fi) and an F -algebra f , if ‡ œ E, then w is f -closed; if
fi œ M, then w is f-consistent.

Proof. If ‡ œ E , then let „ be as in (3) and define closef = „ ¶ f ¶ F‡; if fi œ M, then let Â
be as in (3) and define consf = fi ¶ f ¶ FÂ. J

I Proposition 12. For a wrapper w = (‡, fi) and an F -algebra f , if ‡ œ E and w is f-
consistent, then „ as given in (3) is an F -algebra homomorphism (T, f) æ (H, ◊f ); if fi œ M
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see that ◊f indeed exists. Because F‡
is epic and m monic, it su�ces to show
m¶„¶f ¶F‡ = m¶◊f ¶F„¶F‡, which
is done on the right. (The definition of
◊f can be found in the proof of Proposition 9.) J

I Corollary 13. If ‡ œ E and fi œ M, then „ as given in (3) is an F -algebra isomorphism
(T, f) æ (H, ◊f ).

Now we enrich F -algebras with initial and final states, obtaining a notion of automaton in a
category. Then we give the full correctness theorem for automata. We fix objects I and Y in
C, which will serve as initial state selector and output of the automaton, respectively.
I Definition 14 (Automaton). An automaton in C is an object Q FQ
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I Y
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outQinitQ

of C equipped with an initial state map initQ : I æ Q, an output
map outQ : Q æ Y , and dynamics ”Q : FQ æ Q. An input system
is an automaton without an output map; an output system is an
automaton without an initial state map.
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to the ID algorithm, to the algorithm by Arbib and Zeiger and to Lı.
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The key observation for the correctness theorem
is the following. Let w = (S ‡≠æ T, T

fi≠æ P ) be
a wrapper with minimization (S e≠æ H, H

m≠æ P ).
If ‡ œ E , then the factorization system gives us a
unique diagonal „ in the left square of (3), which by (the dual of) Proposition ?? satisfies
„ œ E . Similarly, if fi œ M, we have Â in the right square of (3), with Â œ M. Composing the
two diagrams and using again the diagonal property, one sees that „ and Â must be mutually
inverse. We can conclude that H and T are isomorphic. Now, if w is a wrapper produced
by a learning algorithm and T is the state space of the target minimal automaton, as in
Example 2, our reasoning hints at a correctness criterion: ‡ œ E and fi œ M upon termination
ensure that H is (isomorphic to) T . Of course, the criterion will have to guarantee that the
automata, not just the state spaces, are isomorphic.

We first show that the argument above lifts to F -algebras f : FT æ T , for an arbitrary
endofunctor F : C æ C preserving E .

I Lemma 11. For a wrapper w = (‡, fi) and an F -algebra f , if ‡ œ E, then w is f -closed; if
fi œ M, then w is f-consistent.

Proof. If ‡ œ E , then let „ be as in (3) and define closef = „ ¶ f ¶ F‡; if fi œ M, then let Â
be as in (3) and define consf = fi ¶ f ¶ FÂ. J

I Proposition 12. For a wrapper w = (‡, fi) and an F -algebra f , if ‡ œ E and w is f-
consistent, then „ as given in (3) is an F -algebra homomorphism (T, f) æ (H, ◊f ); if fi œ M
and w is f-closed, then Â as given in (3) is an F -algebra homomorphism (H, ◊f ) æ (T, f).
Proof. Assume that ‡ œ E and w is FT T H
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f -consistent. The proof for the other
part is analogous. Using Lemma 11 we
see that ◊f indeed exists. Because F‡
is epic and m monic, it su�ces to show
m¶„¶f ¶F‡ = m¶◊f ¶F„¶F‡, which
is done on the right. (The definition of
◊f can be found in the proof of Proposition 9.) J

I Corollary 13. If ‡ œ E and fi œ M, then „ as given in (3) is an F -algebra isomorphism
(T, f) æ (H, ◊f ).

Now we enrich F -algebras with initial and final states, obtaining a notion of automaton in a
category. Then we give the full correctness theorem for automata. We fix objects I and Y in
C, which will serve as initial state selector and output of the automaton, respectively.
I Definition 14 (Automaton). An automaton in C is an object Q FQ

Q

I Y
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outQinitQ

of C equipped with an initial state map initQ : I æ Q, an output
map outQ : Q æ Y , and dynamics ”Q : FQ æ Q. An input system
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automaton without an initial state map.
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part is analogous. Using Lemma 11 we
see that ◊f indeed exists. Because F‡
is epic and m monic, it su�ces to show
m¶„¶f ¶F‡ = m¶◊f ¶F„¶F‡, which
is done on the right. (The definition of
◊f can be found in the proof of Proposition 9.) J

I Corollary 13. If ‡ œ E and fi œ M, then „ as given in (3) is an F -algebra isomorphism
(T, f) æ (H, ◊f ).

Now we enrich F -algebras with initial and final states, obtaining a notion of automaton in a
category. Then we give the full correctness theorem for automata. We fix objects I and Y in
C, which will serve as initial state selector and output of the automaton, respectively.
I Definition 14 (Automaton). An automaton in C is an object Q FQ

Q

I Y

”Q

outQinitQ

of C equipped with an initial state map initQ : I æ Q, an output
map outQ : Q æ Y , and dynamics ”Q : FQ æ Q. An input system
is an automaton without an output map; an output system is an
automaton without an initial state map.
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see that ◊f indeed exists. Because F‡
is epic and m monic, it su�ces to show
m¶„¶f ¶F‡ = m¶◊f ¶F„¶F‡, which
is done on the right. (The definition of
◊f can be found in the proof of Proposition 9.) J

I Corollary 13. If ‡ œ E and fi œ M, then „ as given in (3) is an F -algebra isomorphism
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Now we enrich F -algebras with initial and final states, obtaining a notion of automaton in a
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C, which will serve as initial state selector and output of the automaton, respectively.
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endofunctor F : C æ C preserving E .

I Lemma 11. For a wrapper w = (‡, fi) and an F -algebra f , if ‡ œ E, then w is f -closed; if
fi œ M, then w is f-consistent.

Proof. If ‡ œ E , then let „ be as in (3) and define closef = „ ¶ f ¶ F‡; if fi œ M, then let Â
be as in (3) and define consf = fi ¶ f ¶ FÂ. J
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f -consistent. The proof for the other
part is analogous. Using Lemma 11 we
see that ◊f indeed exists. Because F‡
is epic and m monic, it su�ces to show
m¶„¶f ¶F‡ = m¶◊f ¶F„¶F‡, which
is done on the right. (The definition of
◊f can be found in the proof of Proposition 9.) J

I Corollary 13. If ‡ œ E and fi œ M, then „ as given in (3) is an F -algebra isomorphism
(T, f) æ (H, ◊f ).

Now we enrich F -algebras with initial and final states, obtaining a notion of automaton in a
category. Then we give the full correctness theorem for automata. We fix objects I and Y in
C, which will serve as initial state selector and output of the automaton, respectively.
I Definition 14 (Automaton). An automaton in C is an object Q FQ
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of C equipped with an initial state map initQ : I æ Q, an output
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see that ◊f indeed exists. Because F‡
is epic and m monic, it su�ces to show
m¶„¶f ¶F‡ = m¶◊f ¶F„¶F‡, which
is done on the right. (The definition of
◊f can be found in the proof of Proposition 9.) J
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Now we enrich F -algebras with initial and final states, obtaining a notion of automaton in a
category. Then we give the full correctness theorem for automata. We fix objects I and Y in
C, which will serve as initial state selector and output of the automaton, respectively.
I Definition 14 (Automaton). An automaton in C is an object Q FQ
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part is analogous. Using Lemma 11 we
see that ◊f indeed exists. Because F‡
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is done on the right. (The definition of
◊f can be found in the proof of Proposition 9.) J

I Corollary 13. If ‡ œ E and fi œ M, then „ as given in (3) is an F -algebra isomorphism
(T, f) æ (H, ◊f ).

Now we enrich F -algebras with initial and final states, obtaining a notion of automaton in a
category. Then we give the full correctness theorem for automata. We fix objects I and Y in
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ensure that H is (isomorphic to) T . Of course, the criterion will have to guarantee that the
automata, not just the state spaces, are isomorphic.

We first show that the argument above lifts to F -algebras f : FT æ T , for an arbitrary
endofunctor F : C æ C preserving E .

I Lemma 11. For a wrapper w = (‡, fi) and an F -algebra f , if ‡ œ E, then w is f -closed; if
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Proof. If ‡ œ E , then let „ be as in (3) and define closef = „ ¶ f ¶ F‡; if fi œ M, then let Â
be as in (3) and define consf = fi ¶ f ¶ FÂ. J

I Proposition 12. For a wrapper w = (‡, fi) and an F -algebra f , if ‡ œ E and w is f-
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I Corollary 13. If ‡ œ E and fi œ M, then „ as given in (3) is an F -algebra isomorphism
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Now we enrich F -algebras with initial and final states, obtaining a notion of automaton in a
category. Then we give the full correctness theorem for automata. We fix objects I and Y in
C, which will serve as initial state selector and output of the automaton, respectively.
I Definition 14 (Automaton). An automaton in C is an object Q FH
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Ongoing and future work

• Library & tool to learn control + data-flow models 
(as nominal automata) 

• Applications: 

• Specification mining 
• Network verification, with  
• Verification of cryptographic protocols 
• Ransomware detection
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Back to basics

A (co)algebraic theory of succinct acceptors
Gerco van Heerdt1, Joshua Moerman1,2, Matteo Sammartino1, and
Alexandra Silva1

1 University College London

2 Radboud University

Abstract
The classical subset construction can be generalized by replacing non-determinism with other side-
e�ects captured by a monad. The key insight is that both the state space of the determinized
automaton and its semantics — languages over an alphabet — have a common algebraic structure:
they are Eilenberg-Moore algebras for the (powerset) monad. In this paper, we study the reverse
question to determinization. We will present a construction to associate succinct acceptors to
(generalized) languages based on di�erent algebraic structures. For instance, for classical regular
languages the construction will yield a non-deterministic automaton where the states represent
the join-irreducibles of the language accepted by a (potentially) larger deterministic automaton.
Other examples include weighted and nominal languages.

1 Introduction

Non-deterministic automata are often used to provide compact representations of regular
languages. Take, for instance, the language

L = {w œ {a, b}ú | |w| > 2 and the 3rd letter from the right is an a}

There is a simple non-deterministic automaton accepting it (below, left) and it is not very
di�cult to see that the smallest deterministic automaton (below, right) will have 7 states.
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The labels we chose for the states of the deterministic automaton are not coincidental – they
represent the subsets of states of the non-deterministic automaton that would be obtained
when constructing a deterministic one using the classical subset construction.

The question we want to study in this paper has as starting point precisely the observation
that non-deterministic automata provide compact representations of languages and hence
are more amenable to be used in algorithms and promote scalability. In fact, the origin
of our study goes back to our own work on learning automata [?] where we encountered
large nominal automata that, in order for the algorithm to work for more realistic examples,
had to be represented as non-deterministic. In the classical case, non-deterministic and
deterministic automata accept the same class of languages, but this is not the case in the
nominal setting, which raised some di�culties and made us question whether a di�erent form
of non-determinism or even another side-e�ect could not be used to overcome the scalability
issues.

Leibniz International Proceedings in Informatics

Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany
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Subset construction

2 A (co)algebraic theory of succinct acceptors

The classical subset construction was generalized in previous work by replacing the
powerset monad with an arbitrary monad T . Summarized in two diagrams:

X

”

✏✏

{·} // P(X)

”˘

{{

l // 2Aú

Ê

✏✏
2 ◊ P(X)A

id◊lA
// 2 ◊ (2Aú)A

X

”

✏✏

÷ // TX

”˘

~~

l // �

Ê

✏✏
FTX

F l
// F�

The crucial ingredients in generalizing the construction were the observation that the
target of the transition dynamics – 2 ◊ P(≠)A – and the set of languages – 2Aú – both have a
join-semilattice structure. This enables one to define the determinized automaton as a unique
lattice extension of the non-deterministic one and, moreover, the language map l preserves
the semantics. In particular, l({s

1

, s
2

}) = l({s
1

}) fi l({s
2

}). This latter somewhat trivial
observation was also used in the coinduction-up-to work of Bonchi and Pous [?] in defining
an e�cient algorithm for language equivalence of NDAs. Join-semilattices are precisely the
Eilenberg-Moore algebras of the powerset monad and one can also show that if a functor
has a final coalgebra in Set this can be lifted to T -algebras, the Eilenberg-Moore algebras
of a monad T (and that is why languages have a lattice structure) which then makes it
possible to construct the more general diagram on the right, where the coalgebra structure
is generalized using a functor F and a monad T . The only two basic assumptions for the
existence of ”˘ and l (both T -algebra maps) are the existence of a final coalgebra for F in
Set and that FTX can be given a T -algebra structure.

In this paper we ask the reverse question – given a deterministic automaton, if we
assume the state space has a join-semilattice structure, can we build the corresponding
non-deterministic one? More generally, given an F -coalgebra in the category of T -algebras,
can we build an FT -coalgebra in the base category that represents the same behavior?

We will provide an abstract framework to understand this construction. Some of the
material could alternatively be explained by previous work of Arbib and Manes [?] (in
fact, we developed part of this paper unaware of the existence of their work). Our abstract
framework is an alternative, more modern, presentation of their results, and we will prove
both presentations are in fact equivalent. The di�erence in presentation is however important:
we have an explicit notion of generators and this leads to simpler algorithmic insights and
means of computing them. We present a comprehensive set of examples that will illustrate
the versatility of the framework. We also discuss more algorithmic aspects which are essential
if the present framework is to be used as an optimization, for instance as part of a learning
algorithm. One interesting concrete example has a connection to Brzozowski’s minimization
algorithm, providing yet another curious connection to a seemingly unrelated construction.
Our inspiration arose in the context of register and nominal automata, for which we also
developed a new monad capturing a notion of non-deterministic substitution.maybe something

about simulation

and the ad-hoc algo-

rithm?

maybe something

about simulation

and the ad-hoc algo-

rithm?

2 Monadic minimization

In this section we will introduce the abstract framework to study a generalized version of
reversing determinization. We shall call this construction T -minimization (for a monad T ).
But first we introduce some notation and basic definitions .
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The crucial ingredients in generalizing the construction were the observation that the
target of the transition dynamics – 2 ◊ P(≠)A – and the set of languages – 2Aú – both have a
join-semilattice structure. This enables one to define the determinized automaton as a unique
lattice extension of the non-deterministic one and, moreover, the language map l preserves
the semantics. In particular, l({s

1

, s
2

}) = l({s
1

}) fi l({s
2

}). This latter somewhat trivial
observation was also used in the coinduction-up-to work of Bonchi and Pous [?] in defining
an e�cient algorithm for language equivalence of NDAs. Join-semilattices are precisely the
Eilenberg-Moore algebras of the powerset monad and one can also show that if a functor
has a final coalgebra in Set this can be lifted to T -algebras, the Eilenberg-Moore algebras
of a monad T (and that is why languages have a lattice structure) which then makes it
possible to construct the more general diagram on the right, where the coalgebra structure
is generalized using a functor F and a monad T . The only two basic assumptions for the
existence of ”˘ and l (both T -algebra maps) are the existence of a final coalgebra for F in
Set and that FTX can be given a T -algebra structure.

In this paper we ask the reverse question – given a deterministic automaton, if we
assume the state space has a join-semilattice structure, can we build the corresponding
non-deterministic one? More generally, given an F -coalgebra in the category of T -algebras,
can we build an FT -coalgebra in the base category that represents the same behavior?

We will provide an abstract framework to understand this construction. Some of the
material could alternatively be explained by previous work of Arbib and Manes [?] (in
fact, we developed part of this paper unaware of the existence of their work). Our abstract
framework is an alternative, more modern, presentation of their results, and we will prove
both presentations are in fact equivalent. The di�erence in presentation is however important:
we have an explicit notion of generators and this leads to simpler algorithmic insights and
means of computing them. We present a comprehensive set of examples that will illustrate
the versatility of the framework. We also discuss more algorithmic aspects which are essential
if the present framework is to be used as an optimization, for instance as part of a learning
algorithm. One interesting concrete example has a connection to Brzozowski’s minimization
algorithm, providing yet another curious connection to a seemingly unrelated construction.
Our inspiration arose in the context of register and nominal automata, for which we also
developed a new monad capturing a notion of non-deterministic substitution.maybe something

about simulation

and the ad-hoc algo-

rithm?
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rithm?

2 Monadic minimization

In this section we will introduce the abstract framework to study a generalized version of
reversing determinization. We shall call this construction T -minimization (for a monad T ).
But first we introduce some notation and basic definitions .
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Build a bisimulation using  
powerset construction on the fly
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Non-Deterministic Automata

One can do better:
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using bisimulations up to union
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Another exampleNon-Deterministic Automata
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using bisimulations up to congruence
this yield to the HKC algorithm [Bonchi, Pous’13]
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Bisimulations up-to congruence 
HKC algorithm of Bonchi&Pous
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2 A (co)algebraic theory of succinct acceptors

The classical subset construction was generalized in previous work by replacing the
powerset monad with an arbitrary monad T . Summarized in two diagrams:
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The crucial ingredients in generalizing the construction were the observation that the
target of the transition dynamics – 2 ◊ P(≠)A – and the set of languages – 2Aú – both have a
join-semilattice structure. This enables one to define the determinized automaton as a unique
lattice extension of the non-deterministic one and, moreover, the language map l preserves
the semantics. In particular, l({s

1

, s
2

}) = l({s
1

}) fi l({s
2

}). This latter somewhat trivial
observation was also used in the coinduction-up-to work of Bonchi and Pous [?] in defining
an e�cient algorithm for language equivalence of NDAs. Join-semilattices are precisely the
Eilenberg-Moore algebras of the powerset monad and one can also show that if a functor
has a final coalgebra in Set this can be lifted to T -algebras, the Eilenberg-Moore algebras
of a monad T (and that is why languages have a lattice structure) which then makes it
possible to construct the more general diagram on the right, where the coalgebra structure
is generalized using a functor F and a monad T . The only two basic assumptions for the
existence of ”˘ and l (both T -algebra maps) are the existence of a final coalgebra for F in
Set and that FTX can be given a T -algebra structure.

In this paper we ask the reverse question – given a deterministic automaton, if we
assume the state space has a join-semilattice structure, can we build the corresponding
non-deterministic one? More generally, given an F -coalgebra in the category of T -algebras,
can we build an FT -coalgebra in the base category that represents the same behavior?

We will provide an abstract framework to understand this construction. Some of the
material could alternatively be explained by previous work of Arbib and Manes [?] (in
fact, we developed part of this paper unaware of the existence of their work). Our abstract
framework is an alternative, more modern, presentation of their results, and we will prove
both presentations are in fact equivalent. The di�erence in presentation is however important:
we have an explicit notion of generators and this leads to simpler algorithmic insights and
means of computing them. We present a comprehensive set of examples that will illustrate
the versatility of the framework. We also discuss more algorithmic aspects which are essential
if the present framework is to be used as an optimization, for instance as part of a learning
algorithm. One interesting concrete example has a connection to Brzozowski’s minimization
algorithm, providing yet another curious connection to a seemingly unrelated construction.
Our inspiration arose in the context of register and nominal automata, for which we also
developed a new monad capturing a notion of non-deterministic substitution.maybe something

about simulation

and the ad-hoc algo-
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2 Monadic minimization

In this section we will introduce the abstract framework to study a generalized version of
reversing determinization. We shall call this construction T -minimization (for a monad T ).
But first we introduce some notation and basic definitions .
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Now, we are ready to define the construction that build a succinct T -acceptor accepting the
same language as an automaton in Set

T .

I Construction 11 (T -minimization). Starting from an automaton (X, i, ”) in Set

T
we

execute the following steps

1. Minimize the automaton (X, i, ”) obtaining (M, i
0

, ”
0

).
2. Find smallest G such that there is a free representation (TG, j, “) of (M, i

0

, ”
0

).
3. Return the succinct T -acceptor (G, j

0

, “ ¶ ÷).

I Example 12 (Join-semilattices). We give an example of the construction in join-semilattices
(JSL). We start from a minimal automaton in JSL which has 4 states, the dashed blue lines
depict the JSL structure.

x y

z

‹

b b

a, b

a

a

s1 s2

a, b

a, b

b b

In this example, one can see that a two element set G = {x, y} (more precisely, the set of
join-irreducibles) is the smallest G such that there is a free representation (TG, j, “). “ is
the same transition structure as the above automaton in which z is standing for {x, y}. The
succinct T -acceptor is the non-deterministic automaton depicted on the right (the initial
state is a singleton set in this case).

The construction above is parametric in two algorithms: minimisation of automata (in
Set

T ) and computing the smallest set generators. For the first algorithm, we again need
two things – compute the reachable part of the automaton and eliminate redundant states
(merge states that accept the same language, yielding a so-called observable automaton).
For these, there are various options depending on the specific structure of T , which we will
briefly review in the next section. For computing the set of generators, we will present several
algorithms, also depending on the specific structure of the T -algebras. It is not surprising
that these algorithms (in order to be presented concretely) need to be defined in the specific
instances. However, the set up of the framework above is general enough to encompass a
di�erent classes of examples, as we will illustrate in a later section.

2.3 Minimisation in SetT

If the monad T is finitary then the category Set

T is locally finitely presentable and hence
it admits a strong epi - mono factorization [?, ?]. Epi-mono factorizations can be used to
define both the reachable and observable automaton.

The reachable part of an automaton can be defined has the image of the initial algebra.
The minimal automaton (M, j, ”) can then be defined as indicated in the following

L = {w 2 {a, b}⇤ | |w|a is odd}
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(a) Minimal automaton in EM(TAlt) (b) Small corresponding AFA

Now each state defines a language, and there is a TAlt-algebra structure on the set of
languages (given by disjunction and conjunction). Let X

0

= {
u

S | S ™ l(X)} be the set
of all intersections of the languages of all the states, and X

1

= {
t

S | S ™ X
0

} the set of
all unions of languages in X

0

.2 Now X
1

is a TAlt-algebra and the automaton structure on
X defines an automaton structure on TAlt. The resulting automaton in Set

TAlt is depicted
in Figure 1a. Some states are given names for later reference. This is in fact a minimal Typeset the picturesTypeset the pictures

automaton, since it is defined by languages. Furthermore, the reachable part defines the
minimal 8 state DFA.

Next, we choose generators in order to obtain a small AFA. There are multiple ways of
picking generators in a distributive lattice, which are incomparable. For example, one can
consider the join-irreducibles in X

2

, and from those take the meet-irreducibles. In this case,
however, there is a unique set of 4 generators and no smaller set: G = {aa, bb, aÕ, bÕ}. Using
these generators, we see that the initial state is a conjunction of aa and bb. The final state
is the empty conjunction and all other relevant transitions go to generators directly. As a
result we obtain the AFA in Figure 1b.

5 Ad-hoc construction

6 Related Work

6.1 Comparison to Arbib and Manes
I Definition 13 (Implicit automaton). We will call an automaton (X, i, ”) in C

T
implicit if

there exists an object Y in C such that X = (TY, µY ).

2 Note that
t

ÿ = ÿ is the empty language and
u

ÿ = �ú is the whole set of strings.
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2 A (co)algebraic theory of succinct acceptors

The classical subset construction was generalized in previous work by replacing the
powerset monad with an arbitrary monad T . Summarized in two diagrams:

X

”

✏✏

{·} // P(X)

”˘

{{

l // 2Aú

Ê

✏✏
2 ◊ P(X)A

id◊lA
// 2 ◊ (2Aú)A

X

”

✏✏

÷ // TX

”˘

~~

l // �

Ê

✏✏
FTX

F l
// F�

The crucial ingredients in generalizing the construction were the observation that the
target of the transition dynamics – 2 ◊ P(≠)A – and the set of languages – 2Aú – both have a
join-semilattice structure. This enables one to define the determinized automaton as a unique
lattice extension of the non-deterministic one and, moreover, the language map l preserves
the semantics. In particular, l({s

1

, s
2

}) = l({s
1

}) fi l({s
2

}). This latter somewhat trivial
observation was also used in the coinduction-up-to work of Bonchi and Pous [?] in defining
an e�cient algorithm for language equivalence of NDAs. Join-semilattices are precisely the
Eilenberg-Moore algebras of the powerset monad and one can also show that if a functor
has a final coalgebra in Set this can be lifted to T -algebras, the Eilenberg-Moore algebras
of a monad T (and that is why languages have a lattice structure) which then makes it
possible to construct the more general diagram on the right, where the coalgebra structure
is generalized using a functor F and a monad T . The only two basic assumptions for the
existence of ”˘ and l (both T -algebra maps) are the existence of a final coalgebra for F in
Set and that FTX can be given a T -algebra structure.

In this paper we ask the reverse question – given a deterministic automaton, if we
assume the state space has a join-semilattice structure, can we build the corresponding
non-deterministic one? More generally, given an F -coalgebra in the category of T -algebras,
can we build an FT -coalgebra in the base category that represents the same behavior?

We will provide an abstract framework to understand this construction. Some of the
material could alternatively be explained by previous work of Arbib and Manes [?] (in
fact, we developed part of this paper unaware of the existence of their work). Our abstract
framework is an alternative, more modern, presentation of their results, and we will prove
both presentations are in fact equivalent. The di�erence in presentation is however important:
we have an explicit notion of generators and this leads to simpler algorithmic insights and
means of computing them. We present a comprehensive set of examples that will illustrate
the versatility of the framework. We also discuss more algorithmic aspects which are essential
if the present framework is to be used as an optimization, for instance as part of a learning
algorithm. One interesting concrete example has a connection to Brzozowski’s minimization
algorithm, providing yet another curious connection to a seemingly unrelated construction.
Our inspiration arose in the context of register and nominal automata, for which we also
developed a new monad capturing a notion of non-deterministic substitution.maybe something
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maybe something

about simulation
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2 Monadic minimization

In this section we will introduce the abstract framework to study a generalized version of
reversing determinization. We shall call this construction T -minimization (for a monad T ).
But first we introduce some notation and basic definitions .
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