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Motivation

@ Kleene’s theorem and Kleene algebra

@ Extension to Kripke polynomial coalgebras (Mealy machines,
Binary trees, LTS, ...)
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Motivation

@ Kleene’s theorem and Kleene algebra

@ Extension to Kripke polynomial coalgebras (Mealy machines,
Binary trees, LTS, ...)

Can we take it a step further?

Systems where labels may come from a quantitative alphabet. monoid.J

Examples: Weighted automata, probabilistic systems, etc
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Weighted automata: a first example

Each state has an output value and each transition between two
states is assigned a weight.
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Weighted automata as coalgebras

Weighted automata as coalgebras

@ Output: S— M
@ Transition: S — SA - M
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Weighted automata as coalgebras

Weighted automata as coalgebras
@ Output: S— M
@ Transition: S — SA - M
@ S— M x (MSA
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Weighted automata as coalgebras

@ Output: S— M
@ Transition: S — S — M
@ S— M x (MSA

M~: monoidal exponentiation functor

For aset X: MX = {f| f: X — M, f with finite support}.
For a function h: X — Y, M maps each function ¢ € MX to ¢",

defined as
(@)= > (s

s’eh=1(q)

| A\

N
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Morphism example
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Morphism example

a,1 52
=
Sq Qe
PN
o™ Sz
g
0

Vool
0 0

h Q

For s1: (t(s1)(a))" = t2(h(sy))(a)

h=1(qz) = {s2, 83}
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Morphism example

371 82 o S Q
Y a2
S T JE— g1 —> Qo (o1,t1) (02,t2)
. id hA
g at™g, g : g M x (MS)A — U (viyA
g
0

For s1: (t(s1)(a))" = t2(h(sy))(a)
h='(qz) = {s2, 83}

t(s1)(a)"(qz) =

ti(s1)(a)(s2) + t1 (s1)(a)(s3) =2 =
b(q1)(a)(aq2) = (h(s1))(a)(ae)

S, and ss: trivial.
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And now what?

@ For polynomial coalgebras
G:=Id|B|GixG |G+ G | G*

we have a generalization of Kleene’s theorem and Kleene
algebras.
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And now what?

@ For polynomial coalgebras
G:=Id|B|GixG |G+ G | G*

we have a generalization of Kleene’s theorem and Kleene
algebras.

@ Can we add M~ in a similar way? Almost!
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What is different about these quantitative systems
systems?

7\ {_}

a 4
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What is different about these quantitative systems
systems?

7\ {_3

a 4

Idempotency does not hold anymore: problem for Kleene’s theorem

and axiomatization.
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Recall...

Expse == 0|ede |uxny
| b B
| ) | r{e) Gy x G
| /[6] | F[E] G+ G
| a(e) G
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Recall...

Expse == 0|ede |uxny
| b B
1) | r(e) Gy x Ga
| le] | rle]  Gi+ G
| a(e) G

Operational semantics: Ag : Expg — G(Expg)
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Recall...

Expse == 0|ede |uxny
| b B
1) | r(e) Gy x Ga
| le] | rle]  Gi+ G
| a(e) G

Operational semantics: Ag : Expg — G(Expg)
Axiomatization:

g1 ®Deo = £0DP ey (?)@bz i éB\/b }B

€1 @(526953) = (51 @52)@53 G ! - 1 2

€19 &1 - () 0

ed = € He1) @ lea) = e1 @en) Gi x G
_ r{p) = 0

R

Similar for Gy + G, and GA
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Extension to M~

Expoe == 0lede |uxny
| b B
1) [ r(e) Gy x Go
| le] [ rle]  Gi + G2
| a(e) GA
|m-e M~
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Extension to M~

Exp>e

Axiomatization:
g1 De2
g1 (82 ® 83)
&1 D €1
ed@

0-e=0

= Dlede |pxny
| b
| Ke) | r{e)
| 1e] | rle]
| a(e)

|m-e

gD eq

(61 De2) Des
€1, Ife e Expg
€

(mi-e)@(mp-e)=(m +mp)-e
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Expressions for weighted automata — M x (M/?)A

ex=0|ed®e|uxe|x|m|alm-e) where me Mandac A

(61 B en) Deg=e1 @ (e2 P e3)

€1 Dea=¢e2Dey

edh=e

aim-e)@a(m -e)=a((m+m)-e)
mem=m+m

a0-e)=0 0=0
elpx.e/x] = px.e

Ye/X|=e= uxy=¢

Note: s and a(m - €) abbreviate /(s) and r(a(m - ¢))
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Probabilistic systems |

Markov chains
@ Generalization of labelled transition systems: labels taken from R

and sum equals 1.

P
v 1.{5 % -l"/.aa
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Probabilistic systems |

Markov chains
@ Generalization of labelled transition systems: labels taken from R

and sum equals 1.

P
A 1.{5 % -l"/.aa

Markov Chains as coalgebras

D(X) = set of probabiliy distributions over X with finite support
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D as monoidal exponentiation

De SR™

Exp ﬁIaL

Axiomsg
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D as monoidal exponentiation

Do SR™

N, ¢

> Exp glh

Axi oS
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D as monoidal exponentiation
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Probabilistic systems Il

MC D Markov chains
DA (Td +1)4 deterministic automata
NA P(A x Td) = P4 non-deterministic automata, LT Ss
React (Do + 14 reactive systems [15,24]
Gen DA xTd)y+1 generative systems [24]
Str Do+ (A xTdy+1 stratified systems [24]
Ale D, +P(A xId) alternating systems [8]
Var (Dyu(A = ITd)+ Pi{A x Id))/ra Vardi systems [23]
SSeg PiA =D, simple Segala systems [22.21]
Seg PD.(AxTd) Segala systems [22.21]
Bun DuP(A x ITd) bundle systems [4]
PZ PD,FP(A x Id) Pnueli-Zuck systems [18]
MG PD.P(AxId+Id) most general systems
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Probabilistic systems Il

MC D, Markov chains
DA (Td+1)4 determunistic automata
NA P(A x Td) = pA non-deterministic automata, LT Ss
React (D + DA reactive systems [15,24]
Gen DA xTd)+1 generative systems [24]
Str Do+ (A xTd)y+1 stratified systems [24]
Alt _I_'?“—I—z[ﬁ. x Td) alternating systems [8]
Var (Dy(A = ITd)+ P{A x Id))/a Vardi systems [25]
SSeg _'E{A * P_“] simple Segala systems [22.21]
Seg PD(AxT1d) Segala systems [22.21]
Bun M{A x ITd) bundle systems [4]
PZ wm » Td) Pnueli-Zuck systems [18]
MG PD.P(AxId+1Id) most general systems
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Probabilistic systems IlI

1/2/ \1/2 Y& // \\\\7

1/3/'\2/3 la 1/.2,*’ j./z 2/.3," j/3 /! YRRy
ol YN N
) (i). (ii) (iii)

Figure: (i) A stratified system—D(/d) + (B x Id) + 1, (ii) a simple Segala
system—7P(D(Id))* and (iii) a Pnueli-Zuck system—P(D(PId))*
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Segala systems — P(D,,(ld))*

Exercise: board. (P =27)
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Segala systems — P(D,,(ld))*

Exercise: board. (P =27)

en=0|eBe|puxelx|a({c'}) whereac A p c(0,1]andd .y ,pi=1
€' =Dict..nPiEi

(e1Hen)Bez =eq H(ep Heg) e1Bep =erBeq c@l=¢

(e D ep) Deg = @ (e D e3) €10 =D ey
(pr-e)@(p2-e)=(p1+p2)-€

elux.e/X] = ux.e ve/X]=e=uxy=e
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Probabilistic systems — some remarks

@ The interplay between non-determinism and probabilities was a
serious issue in existing work

@ Coalgebraically it is simple and arises from functor composition

@ Axiomatizations and expressions existed for some of the systems
mentioned but not uniformly.
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Conclusions

@ Extended our previous framework to quantitative systems.

@ Uniform derivation of language and axioms for probabilistic
systems: opens the door to new results.

@ Not trivial due to lack of idempotency (hidden detail).
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Conclusions

@ Extended our previous framework to quantitative systems.

@ Uniform derivation of language and axioms for probabilistic
systems: opens the door to new results.

@ Not trivial due to lack of idempotency (hidden detail).

Remark: Implementation of this is much harder than for the
previous framework, because of extra conditions (e.g. > p; = 1).

Thanks!
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