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(1) Can we define a langua ntax) to denote
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(2)... algebraic laws to reason about equivalence ...

(3)...for a large class of systems uniformly?

(4) Can coalgebraic methods help:is the type T of
the system also enough to derive (1)-(3) above!

YES WE CAN!
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Coalgebraic methods

® Mathematical framework to reason about
state based systems

® Strenghts: the type of the system is enough
to derive a canonical notion of behaviour
and equivalence

a
oo
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language equivalence
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Intuition:

The functor | determines: language equiv.

|) notion of observational equivalence (coalg. bisimulation)
2) behavior (final coalgebra)

intuition: languages
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The power of |
(S,f:S—>1(S))
The functor | determines:

|) notion of observational equivalence (coalg. bisimulation)
2) behavior (final coalgebra)

3) set of expressions describing finite systems

4) axioms to prove bisimulation equivalence of expressions

| + 2 are classic coalgebra; 3 + 4 are my thesis
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Coalgebras

@ Generalizations of deterministic automata
@ Quantitative coalgebras: set of states Sandt: S — TS

To:=Ild|B|TxT|T+T| T | M’

M is a monoid. P = 2@ and D, = R

Examples

@ T=2xld* Deterministic automata
@ T=(Bxld)" Mealy machines

o T = (Pld) LTS

o T =PD(S)" Simple Segala systems
o .




1- expressions

E = (|e|E-E|E+E|E
Er .= 7
Untyped Type system G-typed
expressions parametrized with G b expressions
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Examples

LTS expressions — T = (Pld)" = (2/9)A
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en=0]ede|uxyla-c

Markov Chain expressions — T = D,,(Id) = R"

en=0]ePhe|uxe| p-c
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T 2ld

e = pX.e | Pjcq pPi-€ forp;c(0,1]suchthat) ;. ,pi="1
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A generalized Kleene Theorem

Kleene’s Theorem

Let A C L*. The following are equivalent.
Q@ A=L(A), for some finite automaton A.
@ A= L(r), for some regular expression r.

The goal is:

T — expressions correspond to Finite T — coalgebras and vice-versa.
What does it mean correspond?

correspond = mapped to the same element of the final coalgebra
= bisimilar

Intuition:
language equiv.

intuition: languages



A generalized Kleene Theorem

Theorem

@ Let(S,g) be a T-coalgebra. If S is finite then there exists for any
s € S a I-expression g such that s ~ S.

@ For all T-expressions ¢, there exists a finite T-coalgebra (S, g)
such that 45c5 S ~ €.

The proof provides algorithms to construct an expression from
a system and vice-versa.



AXxiomatization



AXxiomatization

\

€1 D€ = Eo @D €

1 D(ea®e3z) = (61 De2)Deg , T
€1 D eq = &1, [ polynomial

e® = ¢ J



AXxiomatization

g1 @ e = oD e )
e1®D(ea®e3) = (g1 Der) D es

_ o T
€1 D eq = &1, [ polynomial
e® () = ¢ J

pX.y = y[uxy/X]
ve/xl=e = uxy=c¢ } FP
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AXxiomatization

1D éeo = EoP ey

1 D(ea®e3z) = (61 De2)Deg

g1 D &1 = ¢4, [ polynomial
e® () = ¢

pX.y = y[uxy/X] } P
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AXxiomatization

€1 D e2 = €2 @ ¢

1 D(ea®e3z) = (61 De2)Deg

g1 D &1 = ¢4, [ polynomial

D = ¢

pX.7y B = ”Y[/LX-Z/X] FP

ve/X] = = puxy=e

@ — O MT

my-e@ M- = (m1+m2)-5
Sound and complete w.r.t ~

) = )

/(81)@/(82) = /(51 @82)

f(@) _ @ > T1 X T2

r(51)@r(52) = I’(€1@€2) )

Similar for Ty + T- and T4



Results |: Stratified systems

e =pux.e | x| (b,e) | Bicq..nPi-cill

where be B, p € (0,1]and > ;. ,pi="1

(61 Den) Deg =e1 D (g2 D e3)
E1 D eEo = €0 D ey
(p1-€)®(P2-e)=(P1+p2)-€
elux.e/X] = pux.e

V[e/X| == uxy=e¢

Same syntax as in [van Glabbeek, Smolka and Steffen’95] and new
axiomatization (inexistent).



Results |l: Segala systems

e.=0|eHBe | uxel| x|al{c'})
e =@jcq..nPi " €

where ac A, p;c (0,1]and ) ;. ,pi=1

(81 82) €3 = &1 (82 83)
€A Eo = &9 EA

ceHO=¢

ceHe=c¢

(e @ eb) Beh =€l @ (eh D ey)
el Be, =e, el
(P1-€)®(p2-e)=(p1+p2)-¢
elux.e/X] = ux.e

V[e/x] == ux.y=e¢

Same syntax and axioms as in [Deng and Palamidessi’'095]



Results lll: Pnueli-Zuck systems

eo=0|elHe | ux.e| x| {'}
e': = Bicy..nPi &
5 0 e’ | a({e})

where ac A, p;c (0,1]and > ;.y ,pi=1

(81 82) E3 = &1 (82 83)

€A Eo = &9 EA

cHO=¢

cHe=¢

(1 Des)Peg=e1 D (5P e;) €7D es =€, De
(p1-€")d(p2-€") = (p1 + p2) - &

New syntax and axiomatization.



Conclusions

® Framework to uniformly derive language and
axioms for quantitative coalgebras (weighted
automata, probabilistic automata, etc)

® Examples show the effectiveness of the
framework: known syntaxes recovered, new ones

derived.



Future work

® Extend the syntax with new operators
(paralell composition, etc)

® (Coalgebraic context-free counterpart

e Automation:Circ



Why should we care about coalgebra!?

yo: = f(y2)
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i 4;
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yo: = g(y1, ya)
T y: = f(f(y)) | =Y
ya: :Q(Y1 1) j
- : halt]
P(ynl
i f(ys) j—— Originalo proof: complgx graph transformatic?n
P(ys), Algebraic proof: beautiful, but long and requires
\ T ° .
S S (Kozen) ingenuity
P(y2)|
P(ys) | : : ;
: Coinductive proof fully automatic
Z= Ve (uses Kozen’s coinductive KAT)

halt



