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Program verification

var perc = 99.9, wmin = 1920, hmin = 1080, w, h, w1, h1, ratio;
var FromDoc = open ( File ("D:\FromMacro.psd”));
var IntoDoc = open ( File ("D:\IntoMacro.psd"));

app.preferences.rulerUnits = Units.PIXELS;
c.width.value;
height.value;
ratio = h/w;
p.activeDocument = FromDoc;
ctiveDocument.activeLayer = activeDocument.layers[0];

var shapeRef =

[ [ Math,floor ((w-1920)/2), Math.floor ((h-1080)/2) 1,
[ Math.floor ((w-1920)/2)+1920, Math.floor ((h-1080)/2) 1,
[ Math.floor ((w-1920)/2)+1920, Math.floor ((h-1080)/2)+1080 ],
[ Math.floor ((w-1920)/2), h.floor ((h-1080)/2)+1080 ] 1;

app.activeDocument.selection.select ( shapeRef,SelectionType.REPLACE );
app.activeDocument.selection.copy ();
app.activeDocument = Into :
activeDocument.activelLayer = tiveDocument.layers[0];
IntoDoc.paste ();

while (1) {
if ( (w < wmin) || (h < hmin) ) br
.activeDocument = FromDoc;
t.activelLayer = active ment.layers[0];

app.activeDocument.activelLayer.copy ();
app.activeDocument = betweenDoc;
betweenDoc.paste ();

wl = w;

hl =

W =w*perc / 100;

h = w * ratio;

}




Program verification

perc = 99.9, wmin = 1920, hmin = 1080, w, h, wi, hl, ratio;
var FromDoc = open ( File ("D:\FromMacro.psd”));
IntoDoc = open ( File ("D:\IntoMacro.psd"));

app.preferences.rulerUnits = Units.PIXELS;
c.width.value;
c.height.value;
ratio = h/w;
p.activeDocument = FromDoc;
ctiveDocument.activeLayer = activeDocument.layers[0];

var shapeRef =

[ [ Math,floor ((w-1920)/2), Math.floor ((h-1080)/2) 1,
[ Math.floor ((w-1920)/2)+1920, Math.floor ((h-1080)/2) 1,
[ Math.floor ((w-1920)/2)+1920, th.floor ((h-1080)/2)+1080 ],
[ Math.floor ((w-1920)/2), Math.floor ((h-1080)/2)+1080 ] 1;

ipp.activeDocument.selection.select ( shapeRef,SelectionType.REPLACE );
app.activeDocument.selection.copy ();
app.activeDocument = Int :
activeDocument.activelayer = tiveDocument.layers[0];
IntoDoc.paste ();

while (1) {
if ( (w < wmin) || (h < hmin) ) break;
.activeDocument = FromDoc;
it.activelayer = activ

app.activeDocument.activelayer.copy ();
app.activeDocument = betweenDoc;
betweenDoc.paste ();
wl = w;
hl =
w w * perc / 100;

w * ratio;




Program verification

- .
perc = 99.9, wmin = 1920, hmin = 1080, w, h, wi, hl, ratio; ' e ‘ QM LM $ O N ' 0“ L
FromDoc = open ( File ("D:\FromMacro.psd")); > > v ¢
IntoDoc = open ( File ("D:\IntoMacro.psd"));
app.preferences.rulerUnits = Units.PIXELS;
w = FromDoc.width.value;
h = FromDoc.height.value;
ratio = h/w;
p.activeDocument = FromDoc;

Language Compiler

shapeRef =
[ [ Math,floor ((w-1920)/2), Math.floor ((h-1080)/2) 1, [ [
[ Math.floor ((w-1920)/2)+1920, Math.floor ((h-1080)/2) 1, t t I t
[ Math.floor ((w-1920)/2)+1920, Math.floor ((h-1080)/2)+1080 ], Seman Ics rans a Ion
[ Math.floor ((w-1920)/2), Math.floor ((h-1080)/2)+1080 ] J1;

Hardware

ipp.activeDocument.selection.select ( shapeRef,SelectionType.REPLACE );
.activeDocument.selection.copy ();
app.activeDocument = IntoDoc;

-tiveDocument.activelayer = activeDocument.layers[0];

IntoDoc.paste ();

2 1) {
( (w < wmin) || (h < hmin) ) break;
pp.activeDocument = FromDoc;

nt.activelLayer = a eDocument.layers[0

ipp.activeDocument.activelLayer.copy ();
p.activeDocument = betweenDoc;

betweenDoc.paste ();

wl = w;

h1 = h;

W w * perc / 100;

h = w * ratio;




Program verification

[ ?
perc = 99.9, wmin = 1920, hmin = 1080, w, h, wi, hl, ratio; ' e d QM LM S O ' C}M S
FromDoc = open ( File ("D:\FromMacro.psd")); . . . 4
IntoDoc = open ( File ("D:\IntoMacro.psd"));
app.preferences.rulerUnits = Units.
c.width.value;
.height.value;
ratio = h/w;
p.activeDocument = FromDoc;

il e e Language Compiler

shapeRef =
M .floor ((w-1920)/2), Math.floor ((h-1080)/2) 1,

| [ | |
b e (I DR, M e (e semantics translation

h.floor ((w-1920)/2), Math.floor ((h-1080)/2)+1080 ] 1;

Hardware

[

p.activeDocument.selection.select ( shapeRef,SelectionType.REPLACE );
.activeDocument.selection.copy ();

app.activeDocument = I Doc;
! veDo .activelayer = 2 eDocument.layers[0];
IntoDoc.paste ();

(M {
( (w < wmin) || (h < hmin) ) break;
.activeDocument = FromDoc;
.activelLayer = act Do ent.layers[©

.activeDocument.activelayer.copy ();
.activeDocument = betweenDoc;
betweenDoc.paste ();
wl = w;
hl = h;
w w * perc / 100;
h = w * ratio;

Verification is hard!



Program verification

Langua_ge Compll_er B dose
semantics j translation

Verification is hard!



Program verification
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Program verification

perc = 99.9, wmin = 1920, hmin = 1080, w, h, wi, hl, ratio;
FromDoc = open ( File ("D:\FromMacro.psd"));
IntoDoc = open ( File ("D:\IntoMacro.psd"));

app.preferences.rulerUnits = Units.PIXELS;
mDoc.width.value;
.height.value;
ratio = h/w;
ipp.activeDocument = FromDoc;
activeDocument.activeLayer = activeDocument.layers[0];

shapeRef =

[ [ Math,.floor ((w-1920)/2), Matt
[ Math.floor ((w-1920)/2)+1920,
[ Math.floor ((w-1920)/2)+1920,

[ Math.floor ((w-1920)/2), Math.

ipp.activeDocument.selection.select ( shapeRef,SelectionType.REPLACE );

loor ((h-1080)/2) 1,

ath.floor ((h-1080)/2) 1],
ath.floor ((h-1080)/2)+1080 1,
floor ((h-1080)/2)+1080 ] 1;

1pp.activeDocument.selection.copy ();

app.activeDocument = IntoDoc;

ctiveDocument.activelayer = a«
IntoDoc.paste ();

2 (1) {

( (w < wmin) || (h < hmin) ) br

pp.activeDocument = FromDoc;
nt.activelayer = a

ment.layers[0];

k -
K,

.layers[©

ipp.activeDocument.activelLayer.copy ();

ipp.activeDocument = betweenDoc;
betweenDoc.paste ();
wl = w;
hl =
w * perc / 100;
w * ratio;

Verification is hard!



Program verification

perc = 99.9, wmin = 1920, hmin = 1080, w, h, " , ratio;

FromDoc = open ( File ("D:\FromMacro.psd"));
IntoDoc = open ( File ("D:\IntoMacro.psd"));

[ |
app.preferences.rulerUnits = Units.PIXELS;
romDoc.width.value;

.height.value;
ratio = h/w;
p.activeDocument = FromDoc;
nt.activeLayer = i ( nt.layers[0];

shapeRef =

[ .floor ((w-1920)/2), Math.floor ((h-1080)/2) 1,

Math. floor
Math. floor

((w-1920)/2)+1920, |
((w-1920)/2)+1920, M

.floor ((h-1080)/2) 1,
.floor ((h-1080)/2)+1080 1,

h.floor ((w-1920)/2), Ma

h.floor ((h-1080)/2)+1080 ] 1;

p.activeDocument.selection.select ( shapeRef,SelectionType.REPLACE );
.activeDocument.selection.copy ();

app.activeDocument = I Doc;
activeDo ent.activelayer = activeDocument.layers[0];
IntoDoc.paste ();

(M {
( (w < wmin) || (h < hmin) ) break;
.activeDocument = FromDoc;
.activelLayer = a Document. layers[©

p.activeDocument.activelayer.copy ();
.activeDocument = betweenDoc;
betweenDoc.paste ();
wl = w;
hl =
W w * perc / 100;
h = w * ratio;

Verification is hard!



Program verification

perc = 99.9, wmin = 1920, hmin =
open ( File ("D:\FromMacr

open ( File ("D:\IntoMacr

FromDoc =
IntoDoc =
app.preferences.rulerUnits = Units.
W= .width.val
h =

ratio = h/w;

.height.value;

.activeDocument = FromDoc;
.activelLayer =

shapeRef =

.floor ((w-1920)/2),
((w-1920)/2)+1920, |
.floor ((w-1920)/2)+1920,
.floor ((w-1920)/2),

.floor

10

.floor (

.floor

cluster
data values

PJZ Abstraction

~ restrict to
“function calls

f 5
.f

.activeDocument.selection.select ( shap

p.activeDocument.selection.copy ();
app.activeDocument = :

.activelLayer =
IntoDoc.paste ();

(M {
( (w < wmin) ||
.activeDocument =

(h < hmin) )
FromDoc;

.activelayer =

.activeDocument.activelayer.copy ();

.activeDocument =
betweenDoc.paste ();
wl = w;
h1 = h;

w * perc /

w * ratio;

betweenDoc;

100;

.layers[0];

property

slicing
/ /

control

\

Verification is hard!



Example

Write a program that prints n>0 space separated ©



Example

Write a program that prints n>0 space separated ©

=1 =1

while / < ndo print ©
print © while / < ndo
print _ print _
=1+ 1 print ©
end | =1+ 1

print ® end




Example

Write a program that prints n>0 space separated ©

| =1 | =1

while / < ndo print ©
print © while / < ndo
print _ print _
ji=1i+1 Equivalent? print ©
end [ =1+ 1
print ® end
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Example revisited

| =1

while /i < ndo
print ©
print _

[ =14+ 1
end

print ©

| =1

print ©

while / < ndo
print _
print ©

[ =14+ 1
end




Example revisited

[ =1

while /i < ndo
print ©
print _

[ =1+ 1
end

print ©

| =1

print ©

while / < ndo
> (@) O print _
print ©

[ =1+ 1
end

Abstraction




Example revisited

(©-.)"-© ©- (.- 9)"



Example revisited

(@)% ©- (. ©)F



Example revisited

(©-.)%-@ ©- (.- ©)F
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Concurrent programs

initial state: x =0,y =0

10 11
a: X £ 1; e: ¥y #— 1;
bi ¥l &— ¥ di T2 «— %]

assert: Orl1 =0A1x2=0




Concurrent programs

initial state: x =0,y =0

T0O T1
a: x <« 1; Ct Y % 13
b ¥L &%} d: r2 < x;

asgert: Orl =0 A L2 =4

Can we reason about these programs (cojalgebraically?




Concurrent programs

initial state: x =0,y =0

T0 T1
a: x <« 1; Ct Y % 13
b ¥L &%} d: r2 < x;

assert: Orl =0A 1:r2 =0

Can we reason about these programs (cojalgebraically?

(x=0Ay=0)-(TO||T1) <—=(rl=0A7r2=0)



Concurrency

OUR FIELD HASBEEN || STRUGGLE NO MORE! [ SIX MONTHS LATER:
STRUGGLING WITH THIS T'M HERE TO SOLVE. WOL, THIS PROBLEM
PROBLEM FOR YEARS. IT JITH ALGORITHINS! 15 REALLY HARD.

R4




This talk

Sequential programs; Programs w/ flow control;
. see e.g. [Kleene 1956] N flow control - . see e.g. [Kozen 1996],
[Salomaa 1966], 5 KA ’ K'IAT . [Kozen and Smith 1996],
and [Kozen 1994]. ? | and [Kozen and Patron 2000].
......................................................... o : e
O I
= I
0 I
= I
= |
CD I
>
O |
o < : i
Programs w/ concurrency; ! A combination of both;
~ see e.g. [Hoare et al. 2009], oA o - see e.g. [Jipsen 2014],
. [Laurence and Struth 2014], CKA > CKAT* - [Jipsen and Moshier 2016],

and [K. et al. 2018]. and [O’'Hearn et al. 2015].



Let’s start from the
beginning...




Kleene algebra - KA

(0+1(01*0)*1)*
{multiples of 3 in binary}
1 0

0 1

(ab)*a = a(ba)*
{a, aba, ababa, ...}

b

(a+ b)* = a*(ba*)*

{all strings over {a, b}}
Stephen Cole Kleene —>@<a+b
(1909-1994)




Kleene algebra - KA

program expression
atomic action ab,...ex
abort execution 0
no-operation 1

nondeterministic choice e+ f
sequential composition e-f
repetition e*



Kleene algebra - KA

et+0=e e+e=e e+f=f+e e+(f+g)=(e+f)+g
e-0=0=0-e€ e-1=e=1-¢e e-(f-g=(e-f)-g
e-(f+g)=e-f+e-g (e+f)-g=e-g+f-g

1+e-ef=¢" e-f+gsf — e*-g=f



Kleene algebra - KA

e+0=e et+e=e et+f=f+e e+ (f+g)=(e+f)+g
e-0=0=0-e e-1=e=1-¢€ e-(f-g=(e-f)-g
e-(f+g)=e-f+e-g (e+f)-g=e-g+f-g
1+e-e"=¢" e-f+gsf — e*-g=f

Theorem (Kozen 1990)

The axioms for KA are sound & complete for equivalence:

e=f «<— L(e) =L(f)

L (e) is the regular language interpretation of e.



Cquivalence

To check KA equivalence is to check regular language equivalence
Via Kleene’s theorem: checking DFA equivalence
Sophisticated (near-linear) algorithms exist for automata equivalence

Hopcroft-Karp, Bisimulation up-to HKC



KAT

KAT = simple imperative language
If b then pelse g=Db;p+ !b;g

While b do p = (bp)*!b

Boolean

algebra



KAT

KAT = simple imperative language
If bthen pelseqg="0b;p + !b;0

While b do p = (bp)*!b




KAT

KAT = simple imperative language

If b then p else g =b;p + 'b;0

While b do p = (bp)*!b

Ip]| C At - (X2 - At)”



If b then pelseg=D0b;p+ !b;g {abpﬁ, agbpﬁ}
. _ x|
While b do p = (bp)*lb {an, appary, appappap, . . .}

valuations

variables




KAT

e Axiomatisation of equivalence

o Kleene-like theorem and algorithms for automata
equivalence

e Used in verification of e.g. compiler optimisation



The KAT tower principle

Concurrent

- 4
©
v




The KAT tower principle

Concurrent

o ¥
| &*‘ simple mperatlvev



The KAT tower principle

Concurrent




The KAT tower principle

Concurrent




The KAT tower principle
e e




The KAT tower principle
-




The KAT tower principle
-
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Concurrent Kleene Algebra
(Hoare, Moeller, Struth, Wehrman'09)

p |l q



Concurrent Kleene Algebra
(Hoare, Moeller, Struth, Wehrman'09)

p |l q

Semantics = languages of PomSets
b
a-(blc)-d= a/
\ C

e



Concurrent Kleene Algebra
(Hoare, Moeller, Struth, Wehrman’'09)

Pl q

Kleene Theorem

Axiomatisation

Decision Procedure




Concurrent Kleene Algebra
(Hoare, Moeller, Struth, Wehrman’'09)

Pl q

Kleene Theorem

Axiomatisation

Decision Procedure




Concurrent Kleene Algebra
(Hoare, Moeller, Struth, Wehrman'09)

el|f=f|e

el|1=e

el|0=0

ell(fllg)=(elf) g

e | (f

g =elf

ell g



Concurrent Kleene Algebra
(Hoare, Moeller, Struth, Wehrman'09)

ell(fllg)=(elf)g

e | (f

g =elf

el|f=f|e
el|1=e el|0=0

Thread #1 e

Thread #2 g

time

ell g



Concurrent Kleene Algebra
(Hoare, Moeller, Struth, Wehrman'09)

el|f=f]|e el (fllg)=(ellf) g
el|1t=e el|0=0 el|(fF+g)=e|f

Thread #1 e f

Thread #2 g h

time

Equationally: (e || g) - (f || h) = (e f) || (g - h).

el g



Concurrent Kleene Algebra
(Hoare, Moeller, Struth, Wehrman'09)

el[f=f]e el|l(fllgh=(ell g
Exchange law
el1=e e 0=} o Wi f+elg
interleaving as special
case: e.f+f.e<=e||f
Thread #1 e f
Thread #2 g | | h

time

Equationally: (e || g) - (f|| h) < (e-f) || (g- h).
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Kleene Theorem

Axiomatisation

Decision Procedure
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Brzozowski goes concurrent: a Kleene theorem for Pomset languages (CONCUR 2017)

Tobias Kappé, Paul Brunet, Bas Luttik, Alexandra Silva, and Fabio Zanasi

Kleene Theorem

Axiomatisation

Decision Procedure
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Brzozowski goes concurrent: a Kleene theorem for Pomset languages (CONCUR 2017)

Tobias Kappé, Paul Brunet, Bas Luttik, Alexandra Silva, and Fabio Zanasi

Kleene Theorem

Axiomatisation

Decision Procedure

Concurrent Kleene Algebra: free model and completeness (ESOP 2018)

Tobias Kamaé, Paul Brunel, Alexandra Silva, and Fabio Zawnasi
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CKAT [Jipsen’14]

e,foz=p|0|1|laceX|e+fle-fle*|e|f

N g
~N

KAT terms

p.gq:=L|T|teT|[pVqglpAql|p



CKAT [Jipsen’14]

CKA terms

A

~

e,foz=p|0|1|laceX|e+fle-fle*|e|f

N g
~N

KAT terms

p.gqi:=L|T|[teT|pVaqglpAq|p



The problem with CKAT

p-e-p=(pl|e-p
=(ple-(p|1)
< (p-p)| (e-1)
=(p-p)| e




The problem with CKAT

p-e-p=(pl|e-p
=(p|le)-(p] 1)
S (p-p)| (e-1)
=(p-p) | e
(p/AP) || e




The problem with CKAT

p-e-p=(pl|e-p
- =(plle)-p|1)
S (p-p)| (e-1)
=(p-p)| e
(pAP) || e




The problem with CKAT

(p | e)-
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The problem with CKAT

e
! o
1 o
Lo
L)

I 0A [ HA
©
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—~ N /N
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®

Every test is an

|
=0 | e invariant of every
0 program!




Crossroads

Non-congruence?

Drop e || 0 = 07 Drop exchange law?



Crossroads

See also [Bergstra and Ponse 201 1].



Crossroads

See also [Bergstra and Ponse 2011].



Crossroads

See also [Bergstra and Ponse 2011].



Crossroads

See also [Bergstra and Ponse 2011].



A new algebra

pANGQ=p-q~pANqIp-q
KA observations . KAO
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A new algebra

pANq=p-q~pANq=p-q 1=T

KA observations . KAO

Kleene Algebra with Observations (CONCUR’19)

T Kappé, P Brunet, I Rob, A Silva, I Wagemaker, and F Zanasi

Aoua.1Inouod




A new algebra

pANq=p-q~pANq=p-q 1=T

observations
KA > KAO
I
8 Kleene Algebra with Observations (CONCUR’19)
g T Kappé, P Brunet, I Rob, A Silva, I Wagemaker, and F Zanasi
-
- I
o~ |
D |
O |
<< |
I
CKA ------------ > CKAO

Concurrent Kleene Algebra with Observations: from Hypotheses to Completeness (Fossacs’20)

T Kappé, P Brunet, A Silva, I Wagemaker, and £ Zanasi



CKAO

initial state: x =0,y =0

Axioms
TO T1
az x = 1; ex ¥y &= I3 KA+BA+CKA
b ¥l —%; di T2 — &}

assert: 0rl =0A1r2=0

Keep conjunction
and sequential
composition distinct

Can we reason about these programs (co)algebraically?

(x=0Ay=0)-(T0||T1) <=(rl=0A7r2=0)



CKAO

initial state: x =0,y =0

AxXioms

TO T1
ar X — 1; et Yy 5~ 1; KA+BA+CKA
b ¥l —%; di T2 — &}

assert: 0rl=0A1x2=0

Keep conjunction
and sequential
composition distinct

Can we reason about these programs (co)algebraically?

(x=0Ay=0)-(T0||T1) <=(rl=0A7r2=0)

| Theorem 5.6 (Soundness and Completeness CKAO). Let e, f € Teno- |
I The following holds: '

e =ckno [ © [[e]]CKAO — [[f ]]CKAO'

; Moreover, given e, f € T, it is decidable whether [e]

CKAO



Conclusions

Sequential programs; Programs w/ flow control;
. see e.g. [Kleene 1956] ) KA flow control . KAT - -~ see e.g. [Kozen 1996,
. [Salomaa 1966], 5 ' | - [Kozen and Smith 1996],
and [Kozen 1994]. | . and [Kozen and Patron 2000].
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Programs w/ concurrency; ! A combination of both;
. see e.g. [Hoare et al. 2009], oA " " ~ see e.g. [Jipsen 2014],
. [Laurence and Struth 2014], . CKA > CKAT* ~ . [Jipsen and Moshier 2016],

and [K. et al. 2018]. and [O’Hearn et al. 2015].
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Conclusions

A (co)algebraic

. Sequential programs; ‘ ol framework to ana|yse
. see e.g. [Kleene 1956] N oW contro :
. [Salomaa 1966], KA KAT programs with

and [Kozen 1994].

concurrency and
control flow

Sound and complete
axiomatization

Aoua.linouod

Programs w/ concurrency;
. see e.g. [Hoare et al. 2009], |
. [Laurence and Struth 2014], | | -~ [Jipsen and Moshier 2016], -
~and [K. et al. 2018]. “.  and[OHeam etal. 2015]. '

Decidability
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Conclusions

A (co)algebraic
g framework to analyse

. Sequential programs;

eeo Meeme 1S A programs with
~and [Kozen 1994]. ; concurrency and
......................................................... § control flow
O
% Sound and complete
...................................................................... 2 axiomatization
Programs w/ concurrency; L e i DeCidab"ity

~ see e.g. [Hoare et al. 2009],
- [Laurence and Struth 2014],

okawae | Gurrently: case study

with partial function
memory model

Soon: Network
application

Queskions?



