Deriving syntax and axioms for
quantitative regular behaviours

Filippo Bonchi*  Marcello Bonsangue'?  Jan Rutten'-3
Alexandra Silva’

TCentrum Wiskunde & Informatica
2LIACS - Leiden University
SRadboud Universiteit Nijmegen
4ENS - Lyon

University of Salzburg, January 2011

Alexandra Silva (CWI) Syntax and axioms for QRB University of Salzburg 1/17



Motivation

Specify and reason about Systems.
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Can we do all of this uniformly in a single framework?
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The power of G

(S, t:S — GS)
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The power of G

(S, t:S— GS)
The functor G determines:

@ notion of observational equivalence (coalg. bisimulation)
@ behaviour (final coalgebra)
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The power of G

(S, t:S— GS)
The functor G determines:

@ notion of observational equivalence (coalg. bisimulation)
@ behaviour (final coalgebra)

© set of expressions describing finite systems

© axioms to prove bisimulation equivalence of expressions

@ + @ are classic coalgebra; @ + @ are LICS’09 and CONCUR’09
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Coalgebras

Quantitative coalgebras

@ Generalizations of deterministic automata
@ Quantitative coalgebras: set of states Sandt: S — GS

G:=Id|B|GxG|G+G|G"' | ME

M is a monoid.

Alexandra Silva (CWI) Syntax and axioms for QRB University of Salzburg 5/17



Coalgebras

Quantitative coalgebras

@ Generalizations of deterministic automata
@ Quantitative coalgebras: set of states Sandt: S — GS

G:=Id|B|GxG|G+G|G"' | ME

M is a monoid. P = 2 and D, = R

Alexandra Silva (CWI) Syntax and axioms for QRB University of Salzburg 5/17



Coalgebras

Quantitative coalgebras
@ Generalizations of deterministic automata
@ Quantitative coalgebras: set of states Sandt: S — GS

G:=Id|B|GxG|G+G|G"' | ME

M is a monoid. P = 2 and D, = R

e G=2xId* Deterministic automata
@ G=(BxIdA Mealy machines

o G=(Pld)* LTS

e G="PD,(S)" Simple Segala systems
° ...

v
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In this talk. ..

@ ...we present a systematic way to derive from the functor G:
languages of (generalized) regular expressions and

@ ...sound and complete axiomatizations thereof for quantitative
systems;

@ ...we show the correspondence between language and systems
(generalizing Kleene’s theorem);

@ ...we apply the framework to several types of probabilistic
automata recovering old results and deriving new ones.
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G-expressions

E = 0|c|E-E|E+E|E*
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G-expressions

How do we define Eg?

expressions

Alexandra Silva (CWI)
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0|c|E-E|E+E|E*

Type system
parametrized with G
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G-expressions

Expoe == 0|lede |uxny
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G-expressions

Expoe == 0|lede |uxny
| b B
| Ie) | r(e) Gi x Gz
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Examples

LTS expressions — G = (Pld)* = (2/9)4

en=0|e®e|pxe]
—_——
G
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LTS expressions — G = (Pld)* = (2/9)4
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Kleene’s Theorem

The goal is:

G — expressions correspond to Finite G — coalgebras and vice-versa.
What does it mean correspond?
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Kleene’s Theorem

The goal is:

G — expressions correspond to Finite G — coalgebras and vice-versa.
What does it mean correspond?

Final coalgebras exist for quantitative coalgebras.

S-- - -qg--tL - Expa

al iUJG i)\@
GS__—— GQG _G_[['_]]_GEXPG
correspond = mapped to the same element of the final coalgebra
= bisimilar
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A generalized Kleene Theorem

Q@ Let (S,g) be a G-coalgebra. If S is finite then there exists for any
s € S a G-expression eg such thateg ~ s.

@ For all G-expressions ¢, there exists a finite G-coalgebra (S, g)
such that 3scg S ~ €.

Alexandra Silva (CWI) Syntax and axioms for QRB University of Salzburg 11/17



A generalized Kleene Theorem

Q@ Let (S,g) be a G-coalgebra. If S is finite then there exists for any
s € S a G-expression eg such thateg ~ s.

@ For all G-expressions ¢, there exists a finite G-coalgebra (S, g)
such that 3scg S ~ €.

The proof provides algorithms to construct an expression from a
system and vice-versa.
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Axiomatization

g1 Deo = e2Dey
e1®(e2De3) = (e1De2)Des

€1 P ey = &1, G polynomial
edl = ¢
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Axiomatization

€1 De2

€1 ® (e2 D ea)

€1Deq
edf
Xy
ve/X] =€

my-e®mo-

b1 @ by
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Axiomatization

€1 De2

€1 @ (e2 @ e3)

€1Deq

edl

Xy =
Ve/Xl=e =

0
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Axiomatization

€1 De2

€1 @ (e2 @ e3)

€1Deq

edl

Xy =
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Similar for Gy + G, and G#
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Axiomatization

g1 Deo = e2Dey
E1®(e2De3) = (61 Dex)Pes

€1 P ey = &1, G polynomial
edl = ¢

pX.y

= lpx~/x]
VeXl=e = pxa=c }FP

0 G
(M +mp) e }M

=
(11l

Sound and complete w.r.t ~

0 = 1g

biob, = byvb }B

1(0) =0

I(e))®l(e2) = (g1 Be2)

I’(@) = 0 G1 X Gz
rier)@r(er) = r(e1®e)

Similar for Gy + G, and G#
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Results | : Segala systems — P(D,,(ld))*

ex=0|eBe|pxe|x]|al{e})

e =@ic1..nPi-ci
where ac A, p;c (0,1]and >,y ,pi =1

(81 5382) 5383 = &1 H (62 EHE3)
&1 H Eo = €2 H &1

ceHO=¢

celHe=e

(o ch)@ch=c) @ (ch @)
el ®ep,=ce, de
(pr-e)@(p2-e)=(p1+p2) ¢
elux.e/x] = px.e

Ve/X|=e= pxy=e
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Results | : Segala systems — P(D,,(ld))*

ex=0|eBe|pxe|x]|al{e})

e =@ic1..nPi-ci
where ac A, p;c (0,1]and >,y ,pi =1

(81 5382) 5383 = &1 H (62 EHE3)
&1 H Eo = €2 H &1

ceHO=¢

celHe=e

(o ch)@ch=c) @ (ch @)
el ®ep,=ce, de
(pr-e)@(p2-e)=(p1+p2) ¢
elux.e/x] = px.e

Ve/X|=e= pxy=e

Same syntax and axioms as in [Deng and Palamidessi’05]
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Results | : Segala systems — P(D,,(ld))*
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Results | : Segala systems — P(D,,(ld))*
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i)
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(8
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Results Il : Stratified systems — D,,(Id) + (B x Id) + 1

en=pxe| x| (be) | Bjcq..Pi-ci |l

where bc B, pj € (0,1]and >;.; ,pi=1

(61 ®ex) Deg=e1® (e2 P e3)
€1 Dexa=¢e2Dey
(p1-e)®(p2-e) = (p1+p2)-¢€
elux.e/x] = px.e

Ve/X|=e= pxy=e
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Results Il : Stratified systems — D,,(Id) + (B x Id) + 1

en=pxe| x| (be) | Bjcq..Pi-ci |l

where bc B, pj € (0,1]and >;.; ,pi=1

(e1®ex)Deg=c1 D (e2 B eg)
€1 Dexa=¢e2Dey
(p1-e)®(p2-e) = (p1+p2)-¢€
elux.e/x] = px.e

Ve/X|=e= pxy=e

Same syntax as in [van Glabbeek, Smolka and Steffen’95] and new
axiomatization (inexistent).
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Results Ill : Pnueli-Zuck systems — PD,P(Id)*

ex=0|ecBe|uxe|x|{}
e = Dicr.nPi - &
ehi=0"Be" | a({e})
where ac A, p;c (0,1]and >,y ,pi =1

(51 Bﬂz’:‘g) EEEg = &1 H (62 5353)

&1 H Eo = €2 H &4

ceHO=¢

elHe=e¢

(e ac=c0(has) &og=car
(p1-€") @ (p2-€") = (p1 + p2) - "

elpx.e/x] = px.e

Ye/X|=e= uxy=¢
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Results Ill : Pnueli-Zuck systems — PD,P(Id)*

ex=0|ecBe|uxe|x|{}
e =Djcy..nPi €}
5 0)e"Be" | al{e})
where ac A, p;c (0,1]and >,y ,pi =1

(51 Bﬂz’:‘g) EE€3 = &1 H (52 5353)

&1 H Eo = €2 H &4

ceHO=¢

elHe=e¢

(e ac=c0(has) &og=car
(p1-€") @ (p2-€") = (p1 + p2) - "

elpx.e/x] = px.e

Ye/X|=e= uxy=¢

New syntax and axiomatization.
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Conclusions and future work

Conclusions

@ Framework to uniformly derive language and axioms for
quantitative coalgebras (weighted automata, probabilistic
automata (big part of Sokolova’s lattice), etc)

@ Examples show the effectiveness of the framework: known
syntaxes recovered, new ones derived.

@ Apply the framework to other systems, e.g. alternating or linear
systems: upcoming paper with Milius&Bonsangue.

@ Axiomatizations for trace semantics: upcoming paper with Ana
Sokolova!

@ Automation: circ — Coinductive prover

§
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